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This study considers the generalized uncertainty principle, which incorporates the central idea of large 
extra dimensions, to investigate the processes involved when massive spin-1 particles tunnel from 
Reissner–Nordstrom and Kerr black holes under the effects of quantum gravity. For the black hole, 
the quantum gravity correction decelerates the increase in temperature. Up to O( 1
M2f
), the corrected 
temperatures are affected by the mass and angular momentum of the emitted vector bosons. In addition, 
the temperature of the Kerr black hole becomes uneven due to rotation. When the mass of the black 
hole approaches the order of the higher dimensional Planck mass M f , it stops radiating and yields a 
black hole remnant.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Hawking stated that black holes can release radiation thermo-
dynamically due to quantum vacuum ﬂuctuation effects near the 
event horizon [1]. Subsequently, Hawking radiation has attracted 
much attention from theoretical physicists and various methods 
have been proposed for deriving Hawking radiation. In particular, 
a semiclassical derivation was developed that models Hawking ra-
diation as a tunneling process, which includes the null geodesic 
method and Hamilton–Jacobi method. The null geodesic method 
was ﬁrst proposed by Kraus and Wilczek [2,3], and then devel-
oped further by Parikh and Wilczek [4–6]. The Hamilton–Jacobi 
method was proposed by Angheben et al. [7] as an extension of 
Padmanabhan’s methods [8,9]. Both approaches to tunneling rely 
on the fact that the tunneling probability for the classically for-
bidden trajectory from inside to outside the horizon is given by 
 = exp (−2ImI/h¯), where I is the classical action of the trajectory. 
These two methods differ in how the imaginary part of the clas-
sical action is calculated. Many useful results have been obtained 
using the null geodesic and Hamilton–Jacobi methods [10–30].
A common feature of various quantum gravity theories, such as 
string theory, loop quantum gravity, and noncommutative geome-
try, is the existence of a minimum measurable length [31–34]. The 
generalized uncertainty principle (GUP) is a simple way of realiz-
ing this minimal length [35–37]. An effective model of the GUP in 
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SCOAP3.one-dimensional quantum mechanics, which incorporates the cen-
tral idea of large extra dimensions, was given by [38]
L f k(p) = tanh
(
p
M f
)
, (1)
L f ω(E) = tanh
(
E
M f
)
, (2)
where the generators of the translations in space and time are the 
wave vector k and the frequency ω, and L f and M f are the higher 
dimensional minimal length and Planck mass, respectively. L f and 
M f satisfy L f M f = h¯. The quantization in position representation 
xˆ = x leads to
k = −i∂x, ω = +i∂t . (3)
Therefore, the low energy limit p  M f including the order of 
(p/M f )3 gives
p ≈ −ih¯∂x
(
1− βh¯2∂2x
)
, (4)
E ≈ ih¯∂t
(
1− βh¯2∂2t
)
, (5)
where β = 1/(3M2f ). Then, the modiﬁed commutation relation is 
given by
[x, p]= ih¯
(
1+ βp2
)
, (6)
and the generalized uncertainty relation (GUR) isle under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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2
[
1+ β〈p2〉
]
. (7)
From Eqs. (6) and (7), it can be concluded that the departure of 
GUP from the Heisenberg uncertainty principle increases with the 
momentum of the particle. We note that Eqs. (4)–(7) only apply 
to particles in the low energy limit p  M f , which is the speciﬁc 
case considered in the present study. In the low energy regime, 
the parameter β should be constrained in experiments designed 
to test the uncertainty principle, such as those by [39,40]. Other 
generalized uncertainty relations can be found in previous studies. 
A widely discussed relation, xp ≥ h¯2
[
1+ l2 p2
h¯2
]
, was proposed 
based on some aspects of quantum gravity and string theory [35], 
where the cutoff l was selected as a string scale in the context 
of the perturbative string theory or Plank scale based on quantum 
gravity. Another interesting GUR was obtained by treating the mass 
source as a Gaussian wave function and the horizon as a hori-
zon wave function [41], i.e., r  lp mpp + γ lp pmp , where the ﬁrst 
part represents the uncertainty of the radial size of the source and 
the second represents the horizon uncertainty, and γ is a param-
eter that represents the order of unity in the full quantum gravity 
regime, which becomes very small in the semiclassical regime.
Black holes are an important research area in the study of quan-
tum gravity effects and many studies of black hole physics have in-
corporated the GUP. The thermodynamics of black holes have been 
investigated in the framework of GUP [42–48]. By combining the 
GUP with the tunneling method, Nozari and Mehdipour studied 
the modiﬁed tunneling rate of a Schwarzschild black hole [49]. The 
GUP-deformed Hamilton–Jacobi equation for fermions in curved 
spacetime was introduced and the corrected Hawking tempera-
tures were derived for various types of spacetime in [50–58]. By 
studying the tunneling of fermions, it was found that the quantum 
gravity effects slowed down the increase in the Hawking tempera-
tures, where this property naturally leads to a residual mass during 
black hole evaporation.
In this study, we investigate massive spin-1 particles (W± , Z0) 
tunneling across the horizons of black holes using the Hamilton–
Jacobi method, which incorporates the minimal length effect via 
Eqs. (4) and (5). Our calculations show that the quantum grav-
ity correction is related to the black hole’s mass as well as to 
the mass and angular momentum of the emitted vector bosons. 
Furthermore, the quantum gravity correction explicitly retards the 
increase in temperature during the black hole evaporation process. 
As a result, the quantum correction will balance the traditional 
tendency for a temperature increase at some point during the 
evaporation, which leads to the existence of remnants.
The remainder of this paper is organized as follows. In Sec-
tion 2, based on the GUP-corrected Lagrangian of the massive vec-
tor ﬁeld, we derive the equation of motion for the vector bosons 
in curved spacetime. In Section 3, by incorporating GUP, we in-
vestigate the tunneling of charged massive bosons in a Reissner–
Nordstrom black hole. The tunneling of massive bosons in a Kerr 
black hole is also studied and the remnants are derived in Sec-
tion 4. Section 5 provides some discussion and the conclusions 
of this study. We use the spacelike metric signature convention 
(−, +, +, +) in this study.
2. Generalized ﬁeld equations for massive vector bosons
We start from the kinetic term of the uncharged vector boson 
ﬁeld in ﬂat spacetime within the framework of GUP, 12B˜μνB˜
μν , 
where the modiﬁed ﬁeld strength tensor is given by
B˜μν =
(
1− βh¯2∂2μ
)
∂μBν −
(
1− βh¯2∂2ν
)
∂νBμ. (8)It should be noted that additional derivative terms exist. Next, we 
generalize this to the case of a charged vector boson ﬁeld (W±) in 
charged black hole spacetime. Considering the gauge principle, the 
additional derivatives also act on the local unitary transformation 
operator U (x), so they must also be replaced by covariant deriva-
tives [59]:(
1− βh¯2∂20
)
∂0 →
(
1+ βh¯2g00D±0 2
)
D±0 , (9)(
1− βh¯2∂2i
)
∂i →
(
1− βh¯2gii D±i 2
)
D±i , (10)
where D±μ = ∇μ ± ih¯ eAμ with ∇μ is the geometrically covariant 
derivative, Aμ is the electromagnetic ﬁeld of the black hole, and 
e denotes the charge of the W+ boson. The difference in signs of 
the O(β) terms in Eqs. (9) and (10) is attributable to the fact that 
g00 always shares different signs with gii .
By deﬁning
D±0 =
(
1+ βh¯2g00D±0 2
)
D±0 and D±i =
(
1− βh¯2gii D±i 2
)
D±i ,
the GUP-corrected Lagrangian of W -boson ﬁeld is given by
LGU P = −1
2
(
D+μW+ν −D+ν W+μ
)(D−μW−ν −D−νW−μ)
− m
2
W
h¯2
W+μW−μ −
i
h¯
eFμνW+μW−ν , (11)
where Fμν = ∇̂μAν − ∇̂ν Aμ , with ∇̂0 =
(
1+ βh¯2g00∇02
)
∇0 and 
∇̂i =
(
1− βh¯2gii∇i2
)
∇i . Accordingly, the corresponding general-
ized action should be
SGU P =
∫
dx4
√−gLGU P
(
W±μ , ∂μW±ν , ∂μ∂ρW±ν , ∂μ∂ρ∂λW±ν
)
.
(12)
This action is invariant under a local U (1) gauge transformation, 
which does not refer to spacetime transformation.
By varying the action (12) with respect to the ﬁelds W− and 
W+ , it follows immediately that
∂S
∂W−ν
− ∂μ ∂S
∂
(
∂μW
−
ν
) + ∂μ∂ρ ∂S
∂
(
∂μ∂ρW
−
ν
)
− ∂μ∂ρ∂λ ∂S
∂
(
∂μ∂ρ∂λW
−
ν
) = 0, (13)
∂S
∂W+ν
− ∂μ ∂S
∂
(
∂μW
+
ν
) + ∂μ∂ρ ∂S
∂
(
∂μ∂ρW
+
ν
)
− ∂μ∂ρ∂λ ∂S
∂
(
∂μ∂ρ∂λW
+
ν
) = 0. (14)
Then, by substituting the GUP Lagrangian (11) in (13), we obtain
∂μ
(√−gW+μν)− 3β∂0 [√−gg00 (e2A02 + ih¯e∇0A0)W+0ν]
+ 3β∂i
[√−ggii (e2Ai2 + ih¯e∇i Ai)W+iν]
+ 3β∂0∂0
(√−gg00ih¯eA0W+0ν)
− 3β∂i∂i
(√−ggii ih¯eAiW+iν)+ βh¯2∂0∂0∂0 (√−gg00W+0ν)
− βh¯2∂i∂i∂i
(√−ggiiW+iν)+ √−g i
h¯
eAμW
+μν
− √−gm
2
W
2
W+ν − √−g i eFμνW+μ
h¯ h¯
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(
ih¯e∇0∇0A0 + 3e2A0∇0A0 − i
h¯
e3A0
3
)
W+0ν
− β√−ggii
(
ih¯e∇i∇i Ai + 3e2Ai∇i Ai − i
h¯
e3Ai
3
)
W+iν = 0,
(15)
where we denote D+μW+ν −D+ν W+μ by W+μν . This is the equation 
of motion for the W+ boson ﬁeld and we can repeat the same 
procedure to obtain the equation of motion for the W− boson 
ﬁeld. By setting e to 0, we obtain the ﬁeld equation for massive 
bosons in the case of uncharged bosons or in an uncharged space-
time background
∂μ
(√−gBμν)− √−gm2
h¯2
Bν + βh¯2∂0∂0∂0
(√−gg00B0ν)
− βh¯2∂i∂i∂i
(√−ggiiBiν)= 0. (16)
3. Massive vector particles tunneling from a Reissner–Nordstrom 
black hole
The Reissner–Nordstrom black hole describes a spherically sym-
metric static spacetime with charge Q . The metric is given by
ds2 = − f (r)dt2 + g(r)−1dr2 + r2
(
dθ2 + sin2θdφ2
)
, (17)
with the electromagnetic potential
Aμ = (A0,0,0,0) =
(
Q
r
,0,0,0
)
, (18)
where
f (r) = g(r) = 1− 2M
r
+ Q
2
r2
= (r − r+)(r − r−)
r2
, (19)
and r± = M ±
√
M2 − Q 2 represents the locations of the outer 
horizon and the inner horizon, respectively. In this study, with-
out any loss of generality, we only consider the tunneling process 
for W+ bosons. The calculation is similar for the W− case.
According to the WKB approximation, W+μ has the form of
W+μ = Cμ(t, r, θ,φ)exp
[
i
h¯
S(t, r, θ,φ)
]
, (20)
where S is deﬁned as
S(t, r, θ,φ) = S0(t, r, θ,φ) + h¯S1(t, r, θ,φ)
+ h¯2S2(t, r, θ,φ) + · · · . (21)
By substituting Eqs. (20), (21), and the Reissner–Nordstrom met-
ric (17) into Eq. (15), and keeping only the lowest order in h¯, we 
obtain the equations for the coeﬃcients Cμ
g(r)
[
C0(∂r S0)
2P21 − C1(∂r S0)(∂t S0 + eAt)P1P0
]
+ 1
r2
[
C0(∂θ S0)
2P22 − C2(∂θ S0)(∂t S0 + eAt)P2P0
]
+ 1
r2sin2θ
[
C0(∂φ S0)
2P23 − C3(∂φ S0)(∂t S0 + eAt)P3P0
]
+ C0m2W = 0, (22)
− 1
f (r)
[
C1(∂t S0 + eAt)2P20 − C0(∂t S0 + eAt)(∂r S0)P0P1
]
+ 1
2
[
C1(∂θ S0)
2P22 − C2(∂θ S0)(∂r S0)P2P1
]
−
−
wh
P0
P2
Con
que
ces
S0
wh
Eq.
K (
wh
K1
K1
K1
K2
K2
K2
K3
K3
K3
K4
K4
K4
r+ 1
r2sin2θ
[
C1(∂φ S0)
2P23 − C3(∂φ S0)(∂r S0)P3P1
]
+ C1m2W = 0, (23)
1
f (r)
[
C2(∂t S0 + eAt)2P20 − C0(∂t S0 + eAt)(∂θ S0)P0P2
]
+ g(r)
[
C2(∂r S0)
2P21 − C1(∂r S0)(∂θ S0)P1P2
]
+ 1
r2sin2θ
[
C2(∂φ S0)
2P23 − C3(∂φ S0)(∂θ S0)P3P2
]
+ C2m2W = 0, (24)
1
f (r)
[
C3(∂t S0 + eAt)2P20 − C0(∂t S0 + eAt)(∂φ S0)P0P3
]
+ g(r)
[
C3(∂r S0)
2P21 − C1(∂r S0)(∂φ S0)P1P3
]
+ 1
r2
[
C3(∂θ S0)
2P22 − C2(∂θ S0)(∂φ S0)P2P3
]
+ C3m2W = 0, (25)
ere the Pμs are deﬁned as
= 1+ β 1
f (r)
(∂t S0 + eAt)2, P1 = 1+ βg(r)(∂r S0)2,
= 1+ β 1
r2
(∂θ S0)
2, P3 = 1+ β 1
r2sin2θ
(∂φ S0)
2. (26)
sidering the property of Reissner–Nordstrom spacetime and the 
stion that we aim to address, then following the standard pro-
s, we separate the variables
= −Et + W (r) + (θ,φ), (27)
ere E is the energy of the emitted vector particles. By inserting 
(27) into Eqs. (22)–(25), we can obtain a matrix equation
C0,C1,C2,C3)
T = 0, (28)
ere K is a 4 × 4 matrix, the elements of which are
1 = g(r)W ′ 2P21 +
Jθ 2
r2
P22 +
Jφ2
r2sin2θ
P23 +m2W ,
2 = −g(r)W ′(−E + eAt)P1P0,
3 = − Jθ (−E + eAt)
r2
P2P0, K14 = − Jφ(−E + eAt)
r2sin2θ
P3P0,
1 = (−E + eAt)W
′
f (r)
P0P1,
2 = − (−E + eAt)
2
f (r)
P20 +
Jθ 2
r2
P22 +
J2φ
r2sin2θ
P23 +m2W ,
3 = − JθW
′
r2
P2P1, K24 = − JφW
′
r2sin2θ
P3P1,
1 = (−E + eAt) Jθ
f (r)
P0P2, K32 = −g(r)W ′ JθP1P2,
3 = − (−E + eAt)
2
f (r)
P20 + g(r)W ′ 2P21 +
J2φ
r2sin2θ
P23 +m2W ,
4 = − Jθ Jφ
r2sin2θ
P3P2,
1 = (−E + eAt) Jφ
f (r)
P0P3, K42 = −g(r)W ′ JφP1P3,
3 = − Jθ Jφ
r2
P2P3,
4 = − (−E + eAt)
2
f (r)
P20 + g(r)W ′ 2P21 +
J2θ
r2
P22 +m2W , (29)
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.
Eq. (28) has a nontrivial solution if the determinant of the ma-
trix K equals zero. detK = 0 should yield the following equation
O(β6)(∂rW )18 +O(β5)(∂rW )16
+O(β4)(∂rW )14 +O(β3)(∂rW )12 +O(β2)(∂rW )10
+
[
A8 +O(β2)
]
(∂rW )
8 +
[
A6 +O(β2)
]
(∂rW )
6
+
[
A4 +O(β2)
]
(∂rW )
4 +
[
A2 +O(β2)
]
(∂rW )
2
+ A0 +O(β2) = 0 (30)
(please refer to Appendix A for the deﬁnition of Ais). By neglecting 
the higher order terms of β and solving Eq. (30), we obtain the 
solution to the derivative of the radial action
∂rW = ±
√
− m
2
g(r)
+ (E − eAt)
2
f (r)g(r)
− J
2
θ + J2φcsc2θ
g(r)r2
(
1+ X1X2 β
)
,
(31)
where
X1 = −3 f (r)m4r2 + 6m2r2(E − eAt)2 − 6 f (r)m2( J2θ + J2φcsc2θ)
− 6 f (r) J
4
θ
r2
+ 6(E − eAt)2( J2θ + J2φcsc2θ)
− 7 f (r) J
2
θ J
2
φcsc
2θ
r2
− 3 f (r) J
4
θ J
2
φcsc
2θ
2m2r4
− 5 f (r) J
4
φcsc
4θ
r2
+ 3 f (r) J
2
θ J
4
φcsc
4θ
2m2r4
, (32)
X2 = − f (r)m2r2 + r2(E − eAt)2 − f (r)( J2θ + J2φcsc2θ). (33)
Integrating Eq. (31) around the pole at the outer horizon r+ =
M +
√
M2 − Q 2 yields the solution of the radial action. The par-
ticle’s tunneling rate is determined by the imaginary part of the 
action,
ImW±(r) = ±Im
∫
dr
√
− m
2
g(r)
+ (E − eAt)
2
f (r)g(r)
− J
2
θ + J2φcsc2θ
g(r)r2
×
(
1+ X1X2 β
)
= ±π r
2+
r+ − r− (E − eAt+) × (1+ β) , (34)
where  = 6m2 + 6
r2+
(
J2θ + J2φcsc2θ
)
. It is quite clear that  > 0. 
We note that W+ represents the radial function for the outgoing 
particles and W− is for the ingoing particles. Thus, the tunneling 
rate of W+ bosons at the outer event horizon is
 = Poutgoing
P ingoing
=
exp
[
− 2h¯ (ImW+ + Im)
]
exp
[
− 2h¯ (ImW− + Im)
] = exp[−4
h¯
ImW+
]
= exp
[
−4π
h¯
r2+
r+ − r− (E − eAt+) × (1+ β)
]
. (35)
If we set h¯ = 1, then the effective Hawking temperature is deduced 
as
Te−H = r+ − r−
4πr2+ (1+ β)
= T0 (1− β) , (36)
where T0 = r+−r−4πr2+ is the original Hawking temperature of a 
Reissner–Nordstrom black hole. From Eq. (36), it can be inferred 
tha
(m
Mo
tur
po
4. 
pa
we
ve
de
giv
ds
wh
ho
en
sh
 
ds
wh
B
wh
S(
int
eq

ρ2
−

−t the corrected temperature relies on the quantum numbers 
ass and angular momentum) of the emitted vector bosons. 
reover, the quantum effects explicitly counteract the tempera-
e increase during evaporation, which will cancel it out at some 
int. Naturally, black hole remnants will be left.
Massive vector particles tunneling from a Kerr black hole
In this section, we investigate the tunneling of massive vector 
rticles at the outer event horizon of a Kerr black hole where 
 consider the GUP. For simplicity, we suppose that the emitted 
ctor particles are uncharged, so the motion of the vector ﬁeld is 
scribed by Eq. (16). The line element within Kerr spacetime is 
en by
2 = −(1− 2Mr
ρ2
)dt2 + ρ
2

dr2 + ρ2dθ2
+
[
(r2 + a2) + 2Mra
2sin2θ
ρ2
]
sin2θdϕ2 − 4Mrasin
2θ
ρ2
dtdϕ,
(37)
ere ρ2 = r2 + a2cos2θ ,  = r2 − 2Mr + a2, M is the black 
le mass, and a is the angular momentum per unit mass. To 
sure that the event horizon coincides with the inﬁnite red-
ift surface, we introduce a new coordinate χ = ϕ − t with 
= 2Mra
(r2+a2)2−a2sin2θ , and thus the metric (37) becomes
2 = − ρ
2
(r, θ)
dt2 + ρ
2

dr2 + ρ2dθ2 + (r, θ)
ρ2
sin2θdχ2, (38)
ere (r, θ) = (r2 + a2)2 − a2sin2θ .
According to the WKB approximation, Bμ has the form of
μ = Cμ(t, r, θ,χ)exp
[
i
h¯
S(t, r, θ,χ)
]
, (39)
ere S is deﬁned as
t, r, θ,χ) = S0(t, r, θ,χ) + h¯S1(t, r, θ,χ)
+ h¯2S2(t, r, θ,χ) + · · · . (40)
By substituting Eqs. (39), (40), and the Kerr metric (38)
o (16), and keeping only the lowest order in h¯, we obtain the 
uations for the coeﬃcients Cμ[
C0(∂r S0)
2P21 − C1(∂r S0)(∂t S0)P1P0
]
+ 1
ρ2
[
C0(∂θ S0)
2P22 − C2(∂θ S0)(∂t S0)P2P0
]
+ ρ
2
sin2θ
[
C0(∂χ S0)
2P23 − C3(∂χ S0)(∂t S0)P3P0
]
+ C0m2 = 0, (41)

ρ2
[
C1(∂t S0)
2P20 − C0(∂t S0)(∂r S0)P0P1
]
+ 1
ρ2
[
C1(∂θ S0)
2P22 − C2(∂θ S0)(∂r S0)P2P1
]
+ ρ
2
sin2θ
[
C1(∂χ S0)
2P23 − C3(∂χ S0)(∂r S0)P3P1
]
+ C1m2 = 0, (42)

2
[
C2(∂t S0)
2P20 − C0(∂t S0)(∂θ S0)P0P2
]ρ
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ρ2
[
C2(∂r S0)
2P21 − C1(∂r S0)(∂θ S0)P1P2
]
+ ρ
2
sin2θ
[
C2(∂χ S0)
2P23 − C3(∂χ S0)(∂θ S0)P3P2
]
+ C2m2 = 0, (43)
−
ρ2
[
C3(∂t S0)
2P20 − C0(∂t S0)(∂χ S0)P0P3
]
+ 
ρ2
[
C3(∂r S0)
2P21 − C1(∂r S0)(∂χ S0)P1P3
]
+ 1
ρ2
[
C3(∂θ S0)
2P22 − C2(∂θ S0)(∂χ S0)P2P3
]
+ C3m2 = 0, (44)
where the Pμs are deﬁned as
P0 = 1+ β 
ρ2
(∂t S0)
2, P1 = 1+ β 
ρ2
(∂r S0)
2,
P2 = 1+ β 1
ρ2
(∂θ S0)
2, P3 = 1+ β ρ
2
sin2θ
(∂χ S0)
2. (45)
Considering the properties of Kerr spacetime, we separate the 
variables as
S0 = −Et + W (r) + jϕ + (θ)
= −(E − j)t + W (r) + jχ + (θ), (46)
where E and j denote the energy and angular momentum 
of the emitted particle, respectively. By inserting Eq. (46) into 
Eqs. (41)–(44), we can obtain a matrix equation K (C0, C1, C2,
C3)T = 0 and the elements of K are expressed as
K11 = W
′ 2
ρ2
P21 +
Jθ 2
ρ2
P22 +
j2ρ2
sin2θ
P23 +m2,
K12 = W
′(E − j)
ρ2
P1P0, K13 = Jθ (E − j)
ρ2
P2P0,
K14 = ρ
2 j(E − j)
sin2θ
P3P0,
K21 = −W
′(E − j)
ρ2
P0P1,
K22 = (E − j)
2
ρ2
P20 +
Jθ 2
ρ2
P22 +
j2ρ2
sin2θ
P23 +m2,
K23 = − JθW
′
ρ2
P2P1, K24 = −ρ
2 jW ′
sin2θ
P3P1,
K31 = − Jθ (E − j)
ρ2
P0P2, K32 = − JθW
′
ρ2
P1P2,
K33 = −(E − j)
2
ρ2
P20 +
W ′2
ρ2
P21 +
ρ2 j2
sin2θ
P23 +m2,
K34 = −ρ
2 j Jθ
sin2θ
P3P2,
K41 = − j(E − j)
ρ2
P0P3, K42 = − jW
′
ρ2
P1P3,
K43 = − Jθ j
ρ2
P2P3,
K44 = −(E − j)
2
ρ2
P20 +
W ′2
ρ2
P21 +
Jθ 2
ρ2
P22 +m2, (47)
where Jθ is identiﬁed as ∂θ S0.The determination of the coeﬃcient matrix should be equal 
to zero to ensure that Eqs. (41)–(44) have a nontrivial solution. 
detK = 0 yields the following equation
O(β6)(∂rW )18 +O(β5)(∂rW )16 +O(β4)(∂rW )14
+O(β3)(∂rW )12 +O(β2)(∂rW )10 +
[
B8 +O(β2)
]
(∂rW )
8
+
[
B6 +O(β2)
]
(∂rW )
6 +
[
B4 +O(β2)
]
(∂rW )
4
+
[
B2 +O(β2)
]
(∂rW )
2 + B0 +O(β2) = 0 (48)
(please refer to Appendix A for deﬁnitions of the Bis). By neglect-
ing the higher order terms of β and solving Eq. (48), we obtain the 
solution to the derivative of the radial action
∂rW = ±
√
−m
2ρ2

+ (E − j)
2
2
− J
2
θ

− ρ
4 j2csc2θ

×
(
1+ Y1Y2 β
)
, (49)
where
Y1 = −3m4ρ2 + 6m22(E − j)2 − 6m2 J2θ
+ 6
2(E − j)2 J2θ
ρ2
− 6 J
4
θ
ρ2
− 6m2ρ4 j2csc2θ
+ 6ρ2(E − j)2 j2csc2θ − 7ρ2 J2θ j2csc2θ
− 3 J
4
θ j
2csc2θ
2m2
− 5ρ
6 j4csc4θ

+ 3ρ
4 J2θ j
4csc4θ
2m2
, (50)
Y2 = −m2ρ2 + 2(E − j)2 −  J2θ − ρ4 j2csc2θ. (51)
Integrating Eq. (49) around the pole at the outer horizon r+ =
M + √M2 − a2 yields the solution for the radial action. The par-
ticle’s tunneling rate is determined by the imaginary part of the 
action,
ImW±(r)
= ±Im
∫
dr
√
−m
2ρ2

+ (E − j)
2
2
− J
2
θ

− ρ
4 j2csc2θ

×
(
1+ Y1Y2 β
)
= ±π (E − j+) r
2+ + a2
r+ − r− (1+ β) , (52)
where  = 6m2 + 6
r2++a2cos2θ
(
J2θ + j2csc2θ
)
. It is obvious that 
 > 0. The tunneling rate of the vector bosons at the outer event 
horizon is
 = Poutgoing
P ingoing
=
exp
[
− 2h¯ (ImW+ + Im)
]
exp
[
− 2h¯ (ImW− + Im)
] = exp[−4
h¯
ImW+
]
= exp
[
−4π
h¯
r2+ + a2
r+ − r− (E − j+) × (1+ β)
]
. (53)
If we set h¯ = 1, then the effective Hawking temperature is deduced 
as
Te−H = r+ − r−
4π(r2+ + a2)
1
(1+ β) = T0(1− β), (54)
where T0 = r+−r−4π(r2++a2) is the original Hawking temperature of a 
Kerr black hole. Similar to the results obtained for a Reissner–
Nordstrom black hole, the corrected temperature is lower than 
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hole’s mass and angular momentum, as well as to the mass and 
angular momentum of the emitted vector bosons. It should be 
noted that due to the quantum gravity effect, the corrected Hawk-
ing temperature of a Kerr black hole become uneven since  is a 
function of θ .
Dimensional reduction near the horizon can be used to study 
the standard processes of particle tunneling [60,61], which is at-
tributable to the fact that all large non-extremal black holes basi-
cally resemble Rindler space. For the standard Hawing radiation, all 
species of particles located very close to the horizon are effectively 
massless when considering inﬁnite blueshift, so the Hawing tem-
peratures of all particles are the same. However, our calculations 
also show that quantum gravity effects should make particles with 
different identities or quantum numbers differ in terms of their 
effective Hawking temperatures. When the particles approach the 
horizon, they can never be inﬁnite-blueshifted because of the ex-
istence of minimal length.
When the quantum gravity effects are neglected, i.e., β = 0, the 
standard Hawking temperatures of Reissner–Nordstrom and Kerr 
black holes can be recovered by Eqs. (36) and (54), respectively. To 
estimate the residual masses of the black holes at the level of the 
order of the magnitude, we consider the charge-free (Q = 0) and 
non-rotating (a = 0) case, i.e., Schwarzschild spacetime, as a special 
case of both Reissner–Nordstrom and Kerr black holes. Then, the 
corrected Hawking temperature
Te−H = 1
8πM
[
1− 6β
(
m2 + J
2
θ + J2φcsc2θ
r2h
)]
(55)
represents that of a Schwarzschild black hole. It should be noted 
that 
J2θ+ J2φcsc2θ
r2h
represents the kinetic energy component along the 
tangent plane of the horizon surface at the emission point. To esti-
mate the order of magnitude of the residual mass, it is reasonable 
to approximate m2 + J
2
θ + J2φcsc2θ
r2h
as E2. To avoid the temperature 
Te−H becoming negative, the value of E should satisfy E < M f , 
where a factor of 1/
√
2 is omitted. The temperature stops increas-
ing when
1
8π (M − dM) −
1
8πM
 βE
2
8πM
, (56)
which indicates that the temperature variation of the black hole 
caused by emitting a vector particle with energy dM reaches equi-
librium with that caused by the quantum gravity effect. Then, by 
using the condition that dM = E and β = 1/M2f , we obtain
MRes 
M2f
E
 M f , TRes 
1
8πM f
, (57)
where an approximation of E(M − E) to EM is employed. M f is 
the higher dimensional Planck mass, which is related to the four-
dimensional Planck mass Mp by [38]
M2p = RdMd+2f , (58)
where R represents the compactiﬁcation radius. The current lower 
limits on M f range from 3.67 TeV/c2 for d = 2 to 2.25 TeV/c2 for 
d = 6 [62].
Our calculations show that because of the minimal length ef-
fect, the black hole will stop emitting vector massive particles 
at some point, thereby leading to the residual mass of black 
hole evaporation. This conclusion is consistent with that obtained 
by [53,55] who studied the tunneling process for fermions.5. Discussion and conclusion
In this study, we investigated the GUP effect on tunneling by 
massive vector particles from Reissner–Nordstrom and Kerr black 
holes. First, we derived a modiﬁed equation of motion for the 
massive vector bosons by generalizing the Lagrangian density of 
uncharged vector ﬁelds in ﬂat spacetime within the Heisenberg 
uncertainty principle to that of charged vector ﬁelds in curved 
spacetime within the GUP. Using the WKB approximation and 
Hamilton–Jacobi ansatz, we derived the effective Hawking tem-
perature of the black holes. Our results showed that if the effect 
of quantum gravity is considered, then the behavior of a tunnel-
ing particle at the event horizon will differ from the original case, 
where the GUP-corrected temperature is highly dependent on the 
mass M , the electric charge Q , and the angular momentum a of 
the black hole, as well as on the mass and angular momentum of 
the emitted vector particles. Up to O( 1
M2f
), the effective Hawking 
temperature does not depend on the electric charge of the vec-
tor bosons. In addition, we found that the GUP-corrected Hawking 
temperature is smaller than the original case, where it stops in-
creasing when the mass of the black hole reaches the minimal 
value MRes , which is in the order of the higher dimensional Planck 
mass M f .
In this study, we employed the GUP framework given by 
Eqs. (1) and (2), but several alternative forms of the GUP can 
be employed to study the tunneling of particles from a black 
hole horizon. For example, pi = p0i(1 + β0M2p p
2) was employed 
by [51–53,56,58]. Different GUP forms may yield different results 
and further research is needed to clarify this issue.
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Appendix A. Coeﬃcients of the differential equations
In the following, we give the coeﬃcients in Eq. (30):
A8 = 6m2βg4, (59)
A6 = g
3m2
f r2
{
r2
[
f + 12 f m2β − 12(E − eAt)2β
]+ 12 f β J2θ
+ 12 f βcsc2θ J2φ
}
, (60)
A4 = g
2
f r6
{
3 f β J4θ (4m
2r2 + csc2θ J2φ)
+ J2θ
[
3m2r4
(
f + 4m2β − 4(E − eAt)2β
+ 14 f m2r2βcsc2θ J2φ) − 3 f βcsc4θ J4φ
]
+m2r2
[
3r4
(− (E − eAt)2(1+ 4m2β) + f (m2 + 2m4β))
+ 3r2( f + 4 f m2β − 4(E − eAt)2β)csc2θ J2φ
+ 10 f βcsc4θ J4φ
]}
, (61)
A2 = gcsc
6θ
r3r8
[
r2
(
f m2 − (E − eAt)2
)
sin2θ + f sin2θ J2θ + f J2φ
]
×
{
6 f 2βsin2θ J4θ (2m
2r2sin2θ + J2φ)
86 X.-Q. Li / Physics Letters B 763 (2016) 80–86+ f 2 J2θ (3m2r4sin4θ + 4m2r2βsin2θ J2φ − 6β J4φ)
+m2r2
[
3r4
(
f 2m2 − f (E − eAt)2 − 4(E − eAt)4β
)
sin4θ
+ 3 f 2r2sin2θ J2φ + 8 f 2β J4φ
]}
, (62)
A0 = 1
f 4r10
{
r2
[
f m2 − (E − eAt)2
]+ f J2θ + f csc2θ J2φ}2
×
{
3 f 2β J4θ (2m
2r2 + csc2θ J2φ)
+ f 2 J2θ (m2r4 + 2m2r2βcsc2θ J2φ − 3βcsc4θ J4φ)
+m2r2
[
r4
(
f 2m2 − f (E − eAt)2 − 6β(E − eAt)4
)
+ f 2r2csc2θ J2φ + 4 f 2βcsc4θ J4φ
]}
, (63)
where the arguments of f (r) and g(r) have been omitted.
Next, we give the coeﬃcients in Eq. (48):
B8 = 6m
2ρ4
ρ8
, (64)
B6 = m
22csc2θ
ρ10
{
ρ2
[
12 j2βρ4
+ (ρ2 + 12m2βρ2 − 12(E − j)2β)sin2θ]
+ 12βρ2sin2θ J2θ
}
, (65)
B4 = csc
4θ
ρ102
{
10 j4βρ10m2
+ 3 j2ρ6m2sin2θ[(1+ 4m2β)ρ2 − 4(E − j)2β]
+ 32m2ρ4sin4θ
[
2m4βρ2 − (E − j)2
+m2(ρ2 − 4(E − j)2β)]+ ρ2 J2θ
×
[
−3 j4βρ6 + 14 j2m2βρ4sin2θ
+ 3m22sin4θ(ρ2 + 4m2βρ2 − 4(E − j)2β)]
+ 3βρ2sin2θ J4θ ( j2ρ2 + 4m2sin2θ)
}
, (66)
B2 = cos
6θ
ρ143
{
ρ2
[
j2ρ4 + sin2θ(m2ρ2 − (E − j)2)]
+ ρ2sin2θ J2θ
}{
m2ρ4
[
8 j4βρ8 + 3 j2ρ6sin2θ
+ 3m2ρ42sin4θ − 3(E − j)23sin4θ(ρ2
+ 4β(E − j)2)]
+ ρ6 J2θ (−6 j4βρ4 + 4 j2m2βρ2sin2θ + 3m22sin4θ)
+ 6βρ4 J4θ sin2θ( j2ρ2 + 2m2sin2θ)
}
, (67)
B0 = csc
8θ
ρ164
{
j2ρ6 + ρ2sin2θ[m2ρ2 − (E − j)2]
+ ρ2sin2θ J2θ
}2{
m2ρ4
[
4 j4βρ8 + j2ρ6sin2θ
+m2ρ42sin4θ− (E − j)23sin4θ(ρ2 + 6β(E − j)2)]
+ ρ6 J2θ (−3 j4βρ4 + 2 j2m2βρ2sin2θ +m22sin4θ)
+ 3βρ4 J4θ sin2θ( j2ρ2 + 2m2sin2θ)
}
. (68)
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